Problems for the 8" Annual Math Match 2023

1. Create a 4igit number with different digits taken from the set {1, 2, ..., 9}. Then, find the sum of all
such 4digit numbers.






If 2 3is a diagonal of the polygon, then choose the farthest (or one of the jarthest :and ; on
each side of this diagonal. Laand Ube the two lines parallel t4‘$ passing corespondingly
through : and ;. Let # $ %l& the rectangle formed by linesM.T, and UAIl vertices of the
polygon must lie within this rectangle, by construction.

We have the following result N AKKBt $ % &2 &N AK R :3; Q2 &N AK BDALK HIK J

If 2 3is one of the sides of the polygon, one of the lines Uare the same a2 3and the above
reasonig holds as well.

First, notice that the area of the octagon from our problem is equal to the area of a
cyclic octagon with alternating sides of length 1 and 2. By symmetry, all the
interior angles are the same and their sum ed8als2) 180° = 1080°.

Therefore, each interiongle is equal tey;‘l: 135°, and each exterior angle is

equal to 45?

Consider extension of the octagon to the quadrilaterdlO , as on the diagram.

Since & #$= a-$#= 45° then & = 90°. Similarly, angles at, / , 0 are all
90°. So the quadritaral is a square.

If #%=1,then #-= 3—/‘% Similarly, all the arms of the right angle triangles are

equal to% The area of the octagon equals to the area of the squafe minus the area of the 4
6

6 6 — 6 .
right angle triangles. So, we ha@2 3—A_£3A F2 (%A: R+ 320 F1= b+ Y3U

Groupl!2! @8!'4! ®. ®9!100! = (1!3! ...99 6 ®&°4 @&O0! If we remove 50! the remaining
product is a perfect square df3! ... 99! @°©°

If J= 3Ghen J= (J97 henceJ?is a perfect cube. There are 100 natural numbers satisfying this
condition.

If J= 3G+ 1,then F= (JD7J which is a perfect cube dis a perfect cube. I§= 3 G+ 2, then

J&= (JP) 738 which is a perfect cube ifig a perfect cube.

For 1 QJ Q300 there are four numbers of the form 3k +1 or 3k +2 which are perfect culges (1,
27,64 =4 and 125 57). So, together there are 104 integdisaving the requested properties.

Using the given equation fof= 0, and F 2, we obtain20) = Oand 1) = O.
Therefore, 2 T) must have a form(TFR) =



